Theorem 3. If KcSpev (A) is constructible and K=Uici Ki is a cover by eonstruetible subsets then there is a finite subcover. Proposition 30. r is continuous. Proof Pick eEK and set fl=r(~). If UcK m~x is a neighborhood oft, then C=Kmsx\U is closed in K mSX, hence compact. For vEC, t, ~ do not have common generalizations. There are open constructible neighborhoods U~ of y, V~, of fl in K with U~nV~=~. ccUrcc Ur is an open cover. By compactness there is a finite
Introduction
In [22] Morgan and Shalen construct a compactification of the space X(C) of C-rational points of an algebraic variety X defined over a subfield k of the field C of complex numbers. The motivation for this construction goes back to the work of Thurston on Teichmiiller spaces ( [33] ). A special feature of the construction of Morgan and Shalen is the use of the valuation theory of the function field k(X) of the k-variety X. Brumfiel ( [5] ; [6] ) noted that, if k is contained in the field R of real numbers and if one wants to compactify the space X(R) of R-rational points, the real spectrum ( [1] ; [2] ; [8] ; [18] ; [21] ) of the coordinate ring A=k[X] is closely related to the construction in [22] . The space of closed points in the real spectrum Sper (A) of A is a compactification of X(R). Brurnfiel realized that in the real setting this compactification can be mapped onto the one of Morgan and Shalen. Taking into account that Morgan and Shalen describe the additional points of their compactitication in terms of valuations to me it seems that the connection with the real spectrum compactification stems from the fact that in ordered fields valuation rings appear naturally as convex subrings ( [23] ; [25] ).
This observation is the starting point for the investigations in this paper. In chapter I a.functor "valuation spectrum" from the category of rings to the category of spectral spaces ( [14] ) is defined. The valuation spectrum Spev (.4) of a ring A is closely connected with the valuations of the residue fields of A at its prime ideals. The notion of valuations used here comprises not only KruI1 valuations but also archimedean valuations or absolute values ( [13] , Chapter 6; [34] , Chapter 1) . This notion of a valuation makes it possible to embed X(R) into Spev (A) if A is the coordinate ring of an affine R-variety X. In fact, Spev (A) contains an isomorphic copy of the real spectrum Sper (.4) of A, and therefore X(R) may be considered as a snbspace of Spev (A). So Spev (.4) contains the real spectrum compactification of X(R). There is another compactification of X(R) inside Spev (A). Its additional points are associated with certain Krull valuations of residue fields Quot (A/P) of A into R >, the multiplicative group of positive real numbers. There is a natural map from the real spectrum compactification onto this one. Brumfiel's map from the real spectrum compactification to the Morgan--Shalen compactification factors through this new compactification.
The approach using the real spectrum of the coordinate ring of the variety X is, of course, limited to the real setting. To compactify the space of C-rational points some additional ideas are required. Brumfiel suggests the use of some kind of complex spectrum of a ring ( [5] ; see also [26] ). The basic idea is that C n may be identified with the real affine space R 2". Under this identification the C-rational points X(C)cC" of an affine C-variety are the R-rational points of an affane R-variety. This real algebraic set can be treated by methods of real algebraic geometry. Huber ( [15] ) has defined and systematically investigated the notion of a complex spectrum of a ring (independently of Brumfiel's suggestions). In chapter II of the present paper another notion of a complex spectrum is defined. The complex spectrum is a functor from the category of rings to the category of spectral spaces ( [14] ). The complex spectrum Spec x(A) of the ring A is a subspace of Spev (.4) by definition. The complex spectrum has many properties in common with the real spectrum. For example, the specializations of a point form a chain with respect to specialization. Consequently the space of closed points in a complex spectrum is compact. Returning to the original setting this can be used to compactify varieties: Let kcC be a subfield containing i. The inclusion defines a canonical absolute value n~Specx(k). If A is the coordinate ring of the affane k-variety X then Specxk(A ) denotes the fibre of the functional map Spec x(A)~Spec x(k) over x. For xCX (C) the evaluation x*: A~C: a-,-a(x) defines a point e(x)ESpecxk(A ). The map e: X(C)~Specxk(A) defined in this way maps X(C) homeomorphically onto a dense open subspace of the space of closed points of Spec xk(A). In particular, the space of closed points of Spec xk(A) compactifies X(C). This compactification, which is called the complex spectrum compactification, is completely analogous to the real spectrum compactification in the real setting.
In chapter III the complex spectrum is used to define yet another compactification of X(C) inside Spev (A) which is very close to the Morgan--Shalen compactification. This new compactification is the image of the complex spectrum compactification (in a natural way) and can be mapped onto the Morgan--Shalen compactifieation. In fact, in some cases the map onto the Morgan--Shalen compactification is a homeomorphism. So in these cases the valuation spectrum allows an alternative construction of the Morgan--Shalen compactification. Therefore the valuation spectrum may help understanding the constructions of Morgan and Shalen.
In this paper several closely related compactifications of X(C) are exhibited. Going back to the original motivation for all these compactifications (Thurston's work on TeichmiJller spaces, see [33] ) one should of course ask if these new constructions do in any way contribute to a better understanding of the compactifications of Teichmiiller spaces. A discussion of these questions is deferred to future investigations.
Comparing the valuation spectrum and the complex spectrum with the real spectrum one may ask if these new spectra have geometric applications similar to the real spectrum (cf. [1] ; [2] ; [8] ; [13] ; [29] ; [30] ). This is another question which is not investigated in this paper. Conceivably an investigation of the geometry of these spectra may lead to new aspects causing slight modifications in the notions of the valuation spectrum and the complex spectrum. Huber's seminar notes ( [16] ) contain some hints in this direction.
I. The valuation spectrum
For an affine algebraic variety X defined over some subfield k c C, Morgan and Shalen constructed a compactification of X(C), the space of C-valued points of X ( [22] ). In the compactification there are two essentially different kinds of points:
In the first place there are the C-rational points. These may be considered as absolute values K~C with K a residue field of the affine coordinate ring A=k[X] of X at some prime ideal pc:A.
The points used to compactify X(C) can be obtained from KruU valuations K*~R ~" (multiplicative group of positive real numbers) with K a residue field of A again.
These two kinds of points are put together in a rather complicated way ( [22] , p. 413--418) to produce the compactification.
In number theory there is a notion of valuations K-~R -~ (K a field, R -~ the nonnegative real numbers) comprising both absolute values and KruU valuations ( [13] , chapter6; [34] , chapter 1). The idea behind our construction of a compactification is that a common generalization of absolute values and Krull valuations should allow the definition of one space containing both C-rational points and points coming from Krull valuations, avoiding the problem of putting two different spaces together. To construct this desired space, a spectrum will be associated with the ring A=k[X] such that the compactification is contained in the space of closed points of the spectrum. The first step in the construction of this spectrum is the definition of the valuation spectrum of a ring.
For all facts about general valuation theory we refer to [3] ; [11] ; [27] .
1. The spectral space Spev (A). One way to associate a valuation spectrum with a ring A is to consider all homomorphisms A-~K, where K is a field equipped with a valuation (in the sense of [13] , chapter 6 or [34] , chapter 1). Quasi-compact-ness of spectral spaces ( [14] ) obtained in this say can be proved sometimes by use of the compactness theorem of model theory ( [7] , p. 67; [24] , p. 68). But the use of model theory makes it impossible to restrict our attention to the archimedean value group R >. For the property of being an archimedean totally ordered group cannot be axiomatized in first order logic ( [7] , p. 67). So we will have to work with not necessarily archimedean value groups. To have a definition which contains both Krttll valuations and absolute values we use the multiplicative groups of positive elements in arbitrary real closed fields as value groups.
Let :E(<=) be the language of ordered fields, Th(rc) the theory of real closed fields. If A is a ring then ~A(<-) is obtained from ~(<=) by adding a new constant c, for every aEA. The extension Tha(rc ) of Th(rc) is given by the following axioms:
(a) For every a~A: c,>=O (b) c0=0; c1=c_1=1; (c2=2)v(c2~1) (c) For all a, bCA: c,b=c,c~; C,+b~C,+Cb; Ca=O=~cb=c,+b (d) For all a, b~A:
By Spev ~ (A) we denote the class of all models of Th A(rc). We think of the elements of Spev ~ (A) as mappings f: A~R ~= (with R > the multiplicative group of positive elements in the real closed field R, R -~ =R>w{0}) having the following properties:
To get a spectral space out of the class Spev ~ (A) of models of Tha(rc) some of the models have to be identified via an equivalence relation. Then the equivalence classes are the points of the space. There are different identifications possible, and for different purposes different identifications may be appropriate. The following is one possible approach for the purposes of this paper. (From the seminar notes ( [16] ) of Huber I know that there are several other ways which would also work.)
Let Z be the set {0, 1, ~}. With every (f: A~R-~)~Spev ~ (tt) we associate a map ef: A • A ~ Z by defining: The set
Spev (A) = {eyEZ A •
SP ev~ (A)} is the valuation spectrum of A.
The meaning of the different elements of Z and of this definition will be explained shortly. But first it is useful to note the following: Proposition 1. If ~ESpev(A) then the set {aEAl~(a, 1)=0} is a prime ideal of A, called the support of a, denoted by supp (a).
Proof Let f: A-~R ~be a model of Tha(rc ) with a=~ I. Then supp (~)= f-l(0). From the definition of Tha(rc) it is immediately clear that this is a prime ideal of A.
[] Example 2. Let A be a ring, PcA a prime ideal, K=Quot (ALP) the quotient field of A/P. Let v: K* ~/" be a Krull valuation. If F is the divisible hull of F then /~ can be embedded into R >, R=R((i~)), the power series field with coefficients from R and exponents from/~. This is a real closed field ( [25] , p. 55, Satz 13).
Thus v may be considered as a valuation K~R ~-(mapping 0 to 0). Altogether this gives a map f: This example also helps explain the term "valuation spectrum". The connections with valuations are explained more fully in section 2.
So far the valuation spectrum is nothing but a set. This set is endowed with some structure via the following structures on Z:
(i) Total order On Z: 0<1<~. 0i) Constructible topology on Z=discrete topology on Z. Notation: Zc. (iii) Weak topology on Z: c~, {~}, {1, o~}, Z. Notation: Zw.
If I is any set and M~Z I is a subset then the topologies induced on M by Z~ and Z~ are also called the constructible topology and the weak topology. In particular, Spev (A) has a constructible and a weak topology.
A subset Kc Spev (A) is said to be constructible if K belongs to the Boolean algebra of subsets of Spev (A) generated by all sets {~ESpev (A)l~(a, b)=z} with a, bEA, zEZ.
A key result about the constructible topology of Spev (A) is Proof Every constructible subset CcSpev(A) can be described by a formula of the language ~a(~). That means, there is a formula ~b of the language ~a(~) Such that
is the class C o of those models of ThA(rc) for which CtsEC.
To prove this it suffices to consider constructible sets generating the Boolean algebra of coustructible sets. For example, let C= {,ESpev (A)lct(a, b)= 1} and let C o be the class of (f: A~R=~)ESpev ~ (A) with ~sEC. If ~b is the following formula :
(c~ ~ 0) ^ (c~ ~ 0) ^ ~c, ~ cb), then C o is the class of models of ThA(rc)u{49 }. Now suppose that K and Ki, iEL are constructible subsets of Spev (A), K= Ui~i Ki. We choose formulas qS, qSi, iEL defining these construetible subsets. The constructible set K\K~ is defined by the formula 4)^ -q~-Since ["]iEl (/C,,,Ki)=~, the set {4 ^ ~c~zliEI} of formulas does not have a model, i.e., it is inconsistent (completeness theorem of model theory-see [7] , chapter 2.1; [24] , chapter 1.5). By the compactness theorem of model theory ( [7] , loc. cit.; [24] , loe. cir.), there is a finite subset JCI such that {A4~-(~iI}iEJ} is inconsistent. By the completeness Theorem this means that there is no model for the (rr i.e., O(i~s(K/Ki)=c~. Thus K=A~sK i as claimed.
[] This result has the following immediate consequences: Using [14] , proposition 7 we conclude: Corollary 7. Let Z carry an arbitrary To-topology (e.g., the weak topology). Then Spev (, 4) with the restriction of the product topology of Z a • a is a spectral space in the yense of Iloehster ([14] ).
From now on we will consider Spev (A) only with the constructible topology or the weak topology. If nothing is said about the topology then we always mean the weak topology.
There are many different T0-topologies on the set Z. It may happen that in some context one of these topologies should be used and that for other purposes another topology is more appropriate. It turns out that the weak topology is well suited for the purposes of this paper. However, this choice of topology is not only justified by its success in this paper but also by our geometric intuition. This will be discussed in some more detail at the end of section 2.
Concerning the choice of topology, there is a similar situation in semi-algebraic geometry. In the abstract setting the real spectrum of a ring ( [8] ; [2] , Chapter VII) is used as the basic topological space ( [29] ; [30] This defines the map qS*: Spev (B) --Spev (A). Since Z ~~' is clearly continuous in both the constructible topology and the weak topology the same is true for r [] 2. Connections with valuations. We saw in example 2 that at least some points of the valuation spectrum Spev (A) of the ring A arise from Krull valuations of the residue fields of A. The next example shows that absolute values also define points of the valuation spectrum: We will see that the examples exhibited in example 2 and example 9 show fairly typical points of valuation spectra. To start with we show that every point of Spev (A) is of the form ~0*(e) with q~: A~K a homomorphism into a field K, eE Spev (K). As consequence of these results we may restrict our attention to fields when studying individual elements of valuation spectra.
Let K be a field, gESpev(K) with representative (f: K~R~-)ESpev~ (K). Then f(K*)cR > is a totally ordered subgroup. We will see now that this totally ordered group depends solely on ~, not on the representative chosen: To see this let
It is clear that U=f-l(1). Thereforef(K*) and K*/U are isomorphic as groups. Now we define U<xU in K*/U if and only if a(x, 1) = ~o. With this order K*/U is a totally ordered group and the above isomorphism is an isomorphism of totally ordered groups. Since the totally ordered group has been defined solely by referring to a we see that f(K*), as a totally ordered group, depends only on a and not on the representativef. This group is denoted by F,. We write F~ for f(K*)u{0}. The map v~: K~F, is the same asfwith the range restricted tof(K). Theorem 13. Let K be a field, ~ESpev(K), v~: K-~F~ as above. Then the following statements are equivalent: The same is true for v~, and we see that v~ is a Krull valuation.
[] As a consequence of corollary 12 and theorem 13 we note:
Let A be a ring, eESpev(A), P=supp (c0, ~p: A~A(P) the canonical homomorphism into the residue feld of A at P. If ~(2, 1)<_-1 then ~. is induced by a unique Krull valuation of A (P).
Concerning eESpev (A) with :~(2, 1)= o~ we have the following result: Theorem 15. Let K be a fieM, eESpev (K) with e(2, 1)= ~. If F~ is arehimedean then v,: K~F, is an archimedean valuation of K (in the sense of [21] , p. 9).
Proof. Since F~ is archimedean F~ may be considered as subgroup of R > with v,(2)=2 (H61der's theorem --see [12] , p. 73, Satz 1 or [25] , p. 8, Satz 4). From the definition of the valuation spectrum (section 1) it follows immediately that v, is a valuation in the sense of [34] , p. 1 (with C=2). It is clear that this is an archimedean valuation. []
It remains an open problem if every c~ESpev (A) with e(2, 1)= ~ is induced by a homomorphism A~C into an algebraically closed field and an absolute value of C (as in example 9). In any event, such an element of the valuation spectrum can always be used to define a Krull valuation: Proposition 16 . Let K be a fieM, ctESpev(K) with ~(2, 1)=oo. Let F~cF~ be the convex subgroup generated by v~ (2) . Then K ~,~ -=r ~E~,.~tr' is a Krull valuation.
The easy proof is omitted.
Based on the results of this section we will call the elements of Spev (A) valuations of A. Valuations ~ are called Krull valuations or absolute values according as ~(2, 1)<_--1 or ~(2, I)= oo. The correspondin map A-+A(supp(~)) ~" *-F~ is also denoted by v, and is called a valuation. F, is the value group.
We continue to consider a field K. The set {~ESpev(K)lcr 1)~_1} is canonically bijeetive to the set of equivalence classes of Krull valuations and also to the set of valuation rings of K. The abstract Riemann surface of K is the set of valuation rings with the topology having all sets {Vial ..... a.EV}, aa, ...,a.EK as a basis of open subsets ( [35] , chapter VI, w 17). With a valuation ring VcK we associate the following element CtvE Spev (K):
In this way we consider the abstract Riemann surface of K as a subset of Spev (K) and of Z rxK. To get the above topology of the abstract Riemann surface one can use the following topology of Z: {qh, {1}, {1, oo}, Z}. So the weak topology we are using does not restrict to the usual topology on the abstract Riemann surface. Both in Huber's seminar notes ( [16] ) and in de la Puente Mufioz' dissertation ( [26] ) the Krull valuations of a ring are considered (by de la Puente Mufioz under the name abstract Riemann surface of a ring). They also consider topologies different from the weak topology.
The reason for using the weak topology in this paper is the following: Let A be a ring and let Kc Spev 
where aEA. To start with, there is no obvious reason to decide that certain of these sets should be open and others should be dosed. So the choice of topology seems to be somewhat arbitrary. However, in our setting Spev (.4) also contains absolute values. And for these it is easy to decide which subsets ought to be open. For example, let A be the atfine coordinate ring of an affine C-variety X. Then every C-rational point x defines an absolute value by composing the evaluation homomorphism x*: A--C: a--,-a(x) with the canonical absolute value C-~R -~. In this way X(C) may be considered as a subset of Spev (A). We even want to consider V(C) as a subspace of Spev (.4). To get this it is necessary to consider the sets 
and these are open subsets of V(C). So, if one wants to consider V(C) (with the strong topology) as a subset of Spev (,4) then the weak topology has to be used. Let Sper(A) be the real spectrum of A (see [1] ; [2] ; [8] ; [18] ; [21] ). For #ESper (.4) let Q,: A-*Q~) be the canonical homomorphism into the real closure of the residue field A (supp ~)) of A at supp ~) = :t ca -/z with respect to the total order defined on A(supp ~)) by/t. On O~) there is the canonical absolute value isomorphically onto a pro-constructible sub-2#kt, 2, /z E Sper (A). Case1. supp(2)# supp(p). We may assume that there is some aEsupp(2)\supp~). Then ro(2)(a, 1)=0, ro~)(a, 1)#0, and this proves 09(2)#09(#). Case2. supp(2)= supp ~). Let K= A(supp (,l)). With K~ and Kz we denote K with the total order induced by 2, resp./~. Then there is some xEK such that 0<x in Ka, x<0 in Kz.
Connections with other spectra. If
Y Replacing x by x -1 if necessary we may assume that O<x<l in Ka. Let x=-with y, z E A, y, ~ E A/supp (2) their canonical images. Assume by way of contradiction that o9 (2) To prove that co is a morphism of spectral spaces, we pick a, b E A and determine the inverse images of Whenever this leads to a simplification of arguments this assumption will be made without much comment.
To Proof. Pick aEA* such that vj(a)=l. This means that v~(a)=l=v~(1), L:e., ~(a, 1)=1 and c~(1, a)=l. Since # is a specialization of ~ either fl(a, 1)-=0 or: fl(a, 1)=1 and fl(1, a)=l. Since #(a, 1)=0 contradicts aEA* wehave #(a, 1)=1 and fl(1, a)=l, i.e., va(a)=l.
[] As a consequence of lemma 21 there is a canonical homomorphism rtp,: F~-~Fp. Both groups are totally ordered (Fp~ as a subgroup of F,). Proof. We may assume that A=Ap (proposition 10, lemma 20). Pick B, 7E{e} with supp(fl)=P=supp (7 ) . Then the subgroups Fp~, F~ of F~ agree. Let Ap~=ker(nB~ ), Ar~=ker(nr~). These are convex subgroups of F~=Fr~ (lemma 22). Hence Ap~cAr~ or Ar~cAa~. In the first case 7E{B}, in the second case BE{7}. [] In particular we have Corollary 24. If K is a fieM and ~ESpev (K) then {e} is a chain.
We continue to discuss e, BE Spev (A), B a specialization of e. We assume that A = Asupp (p~. Proof. If g(b)~O then the claim follows from lemma 25. We assume by way of contradiction that g(b)=0 and g(a)>g (b) .
First suppose that f(2)<_-l, i.e., e(2,1)~l. This implies B(2, 1)<-1, i.e., g(2)<_-l. Since ~ is nontrivial there is some cEA such that O<g From now on we assume that f(2)=2, i.e., a(2, 1)= co. We will need We define P={aEAIf(a)EW~}. It is immediately clear (from the definition of Spev ~ (,4) u see section 1) that PcA is a prime ideal. We pick a closed specialization /~E{~} in K and a representative (g: A~S~)ESper ~ (,4) of/L If we can show that supp (fl)=P then an application of corollary 23 finishes the proof. So it remains to prove that supp (fl)=P.
First assume that there is some aEsupp (fl)\P. Then there exists some bEA such that l<=f(ab). Proposition 26 implies that l<=g(ab). But this contradicts g(ab) =g(a) g(b) = 0. We see that supp (fi) c P. Conversely assume that supp (fl) ~ P. Using g instead off, we define the subsets Up, Vp, WpcS -~ in the same way as we defined U,,V~,W~cR ~-. Then we also have P={aEAIg(a)EW~} and Wp#{0} (since supp (fl) ~ P). Noting that xEP, aCP implies g(a)=g(a+x) one sees that (h: A~S-~)ESpev ~ (A) and ~h is a proper specialization of/L Moreover, g(aj) > 1 for some i implies h (a~) > 1 for the same i. We see that ~hEK, and/~ is not closed in K, a contradiction. Proof. If ~EK and (f: A~R~-)ESpev~ is a representative of ~ then F~cR > is the subgroup generated by f(A\supp(~)). Since f(ai)>l for some i=0, ..., n, F, is nontrivial. Now suppose that ~ is a closed point. The subsets U,, V~, W~cR ~-are defined as in the proof of theorem 28. It was shown there that f-I(W~), is the support of the closed point in {~}. Since a is closed, supp (~)= f-x(W~). Therefore V, is the convex subgroup of R > generated by F,. If iE {0 ..... n} is chosen to be minimal such that f(ai)>1 and V~ is the convex subgroup of V~ generated by f(a.~ then F, is the convex subgroup of F, generated by v,(ai). There are two cases: Case 1. i=0. In this case ~ is an absolute value and f(2)=2. If CcR is the convex subring generated by V~ then C is generated by f(2)=2, i.e., C is the convex hull of Q. Let Mc C be the maximal ideal. Then with g: A :-L-, -C --,-C/M, % is a specialization of ~ and belongs to K since g(2)=2. Since c~ is a closed point of K, c~ =c~g. Since C[M is an archimedean real closed field, /'~ is archimedean. Case 2. i>0. It is easy to check that, if F~'cF~ is the largest convex subgroup not containing f(al), the map defines a Krull valuation ]~ of A which specializes ~. Since vp(f(a,))>l by construction, ]~ belongs to K. Since ~ is a closed point of K, /~=~, i.e., F~=FJF~ is arehimedean.
Conversely suppose that F~ is archimedean. If/~ is a proper specialization of ~, then we have the order compatible epimorphism nB~: Fp~-*~ (lemma 22) with nontrivial kernel. Since F~ is nontrivial (see the beginning of the proof) ~ is nonarchimedean. Since F~cF~ is a subgroup, F~ is nonarchimedean, a contradiction. []
II. The complex spectrum
The valuation spectrum of the ring A contains the real spectrum of A (proposition I 19) . The connections between these two spectra can be used to give a rather satisfactory construction of the real version of the compactification of Morgan and Shalen ( [22] [6] ). The basic idea for dealing with the normal case is to define the notion of a complex spectrum of a ring. This complex spectrum should play a similar role in the nonreal case as the real spectrum does in the real case. Such an approach has also been suggested by Brumfiel ( [5] ). The idea of a complex spectrum has been realized independently by Huber ( [15] ) and de la Puente Mufioz ( [26] ). However, Huber's complex spectrum does not fit into the valuation spectrum. We will define another notion of a complex spectrum which is a subspace of the valuation spectrum. This complex spectrum has many properties in common with the real spectrum. Using this spectrum the construction of the real compactification of Morgan and Shalen pointed out above carries over to the nonreal situation. In preparation for the construction of compactifications in chapter III this chapter contains a discussion of the complex spectrum.
Compatible valuations.
In real algebraic geometry for some purposes usual commutative algebra is not the adequate algebraic tool. It is only natural that, if one is dealing with genuinely real questions, partial or total orders must enter in some way into the algebra used. Currently such a brand of commutative algebra is developed under the name "real algebra" ( [4] ; [20] ; [21] ). Similarly, a complex spectrum requires some algebraic methods of its own. Here a few valuation theoretic notions and results are assembled which are necessary for the discussion of the complex spectrum. Definition 1. A complex field is a triple consisting of an algebraically dosed field C, a distinguished square root i of -1 and a real dosed subfield R such that C=R(i).
The notion of a morphism of complex fields is obvious. The complex fields form a category.
The language of the theory of complex fields consists of the usual language of the theory of fields, a constant i, a one-place relation R and a two-place relation <=. This language is denoted by 9.(cx). The theory of complex fields is the theory of algebraically closed fields supplemented in the following way:
The constant i distinguishes a particular square root of -1. The one-place relation R singles out a real closed subfield over which the algebraically closed field is algebraic.
The two-place relation _-< restricts to the unique total order on the real closed subfield. On the algebraically closed field it is the componentwise lattice order with respect to the basis {1, i} over the real closed subfield.
The theory of complex fields is denoted by Th(cx). Its models are usually denoted by (C, R, i) or just by C if the meaning is clear from the context. On a complex field C=(C, R, i) there is a natural absolute value _.~ ~2 ~ X 2
I : C R ~-: x = xl + ix~ Ixl = I/.~1 ~-2-
This absolute value defines an element of the valuation spectrum of C. The absolute value will be used to connect the complex spectrum of a ring with its valuation spectrum.
The order compatible valuation rings of the real closed field R are exactly the convex subrings of R ( [23] ; [25] ). They are Henselian valuation rings with real closed residue field and divisible value group (loc. cit.). Any such valuation ring VcR extends uniquely to a valuation ring WcC ([11] ; [27] ). The residue field of W is the algebraic closure of the residue field of V, the value groups of V and W agree (loc. cit.).
Definition 2. A valuation ring (resp. valuation) of the complex field C=(C, R, i)
is compatible with the complex structure if the restriction to R is an order compatible valuation ring (resp. valuation). The smallest compatible valuation ring (resp. finest compatible valuation) is the natural valuation ring (resp. valuation) of C.
By this definition a compatible valuation ring of C may be considered as a couple (W, V) of valuation rings WcC, V=WnRcR such that V is convex in R. Let MwCW, MvcV be the maximal ideals. Then W[Mw canonically contains the real closed field VIM v and is its algebraic closure. If (C, R, i) is a complex field and (W, V) is the natural valuation ring then the complex field (W/Mw, V/My, i) is archimedean.
As a consequence of the real Hahn embedding theorem ( [25] , p. 62, Satz 21) we note Proposition 6. If (C, R, i) is a complex field with natural valuation w: C* ~F then there is an embedding (C, R, i)-~(c((r)), R((F)), i) of complex fields.
The spectral space Spec x(A). If
A is a ring containing a square root of -1 the complex spectrum of A shall consist of homomorphisms A~(C, R, i) into complex fields under an appropriate identification. We proceed as follows:
Let A be a ring containing a squareroot of -1. We distinguish one of these and denote it by i(A). The language P.(cx) of complex fields is extended by constants ca for every aEA. The resulting language is denoted by !~a(cx). The theory Tha(cx) is obtained from the theory Th(cx) of complex fields by adding the following axioms: The class of models of Tha(cx) is denoted by Spec x~ Usually we think of the elements of Spec x~ as ring homomorphisms f: A~C, where C is a field carrying a complex structure, such that f(i(A))=i.
With (f: .4~(C, R, i))ESpecx~ we associate the map We have the following sufficient condition for elements of Specx~ to give the same point in the complex spectrum of A: An immediate consequence of proposition 10 is that Specx is a functor from the category of rings to the category of spectral spaces.
The results of proposition I 10, proposition I 11, corollary I 12 also carry over to the complex spectrum: Other approaches to the complex spectrum of a ring may be found in [15] and in [26] . The basic idea is always the same: the points of the complex spectrum shall arise from homomorphisms into complex fields. The difference between these approaches is the way different homomorphisms into complex fields are identified. proposition 9 shows that the identification used here is coarser than the one used in the references. Assume now that supp (fl)C~supp (7) . It will be shown that ~E{#}. With the notation used in chapter I, section 4 We have the subgroups F~, c Fp, c F~ and the epimorphisms n~,: Fr~--F~, rcp,: Fp,~Fp of ordered groups. Let A~cF~,, Ap, cFp~ be the kernels of nr~ and np,. The convex subgroups of F, generated by A~, and Proof. Obviously /~=%~{~} holds. Suppose that 7E{/~}-Since supp(7)D supp (//) holds trivially, proposition 12 and the definition of g imply that supp (7)= supp (fl). By proposition 11 (a) we may assume that A is local with maximal ideal supp (/~). Then we have Fa~,=Fz,~,cF~, and Ap~,cA~, where Ap,, A~, are the kernels of 7rp, and nr," It suffices to prove that Ap,=A~ (since then /~=7).
Assume by way of contradiction that there is some a6 A* with I f(a)l~Ar~,\At~,,. Then If(a)l is not a 1-unit in V. Without loss of generality we may assume that If(a)] >1. Then the interval 4. An ultrafilter theorem for the complex spectrum. If k is a field containing a square root of -1 and A is a k-algebra and if (f: A~(C,R,i))ESpecx~ has the property that C is archimedean over f(k) then it is an immediate consequence of proposition 16 that es is a closed point of Spec x(A).
In particular, let (C, R, i) be a complex field, A=C[al ..... a,] a finitely generated C-algebra, We have the structural map ~o: C~A and the functorial map ~o*: Spec x(A)-~Spec x(C). Let zE Spec x(C) be the canonical absolute value. The we denote q3*-~(• by Specxc(A). Let X be the scheme Spec(A) over C, X(C) the set of C-valued points of X. Given xEX(C) we have the evaluation map x*: A~C: a~a(x), which belongs to Specx~ By e(x) we denote the corresponding point of Specx(A). Since x*o~0: C~A--,C is the identity we even see that e (x) E Spec xc (A). By the above remark, e (x) in a closed point of Spec x(A), hence also of Specxc(A). So a map e: X(C)~Specx~a~(A) has been defined.
Since X(C)is contained in C"= R 2" the interval topology of R defines a topology on X(C) which we call the strong topology. Proof. First we prove that e is injective: For xEX(C) let MxcA be the maximal ideal belonging to x. Then supp(e(x))=M~. If Proof. It sutfices to show that e-l(K) is nonempty if K is nonempty. So, pick KcSpecxc(A) constructible, K~b. Let ~p: C[X1 .... ,X,]~A=C[al,...,a,] be an epimorphism over C. Then ~p*(K)cSpecxcC[X1, ..., X,] is constructible. If e also denotes the embedding C"~SpecxcC[X~, ..., X,] it suffices to prove that ~p*(K)c~e(C")~p. So we may assume that A=C[XI, ..., X,]. With A we associate the real polynomial ring B= R[Y~, ..., Y,, Zx, ..., Z,] by separating the real and imaginary parts of the elements of A (cf. [9] ; [15] 
HI. Valuation spectrum and compactification
After the preparations in the first two chapters now complex varieties will be compactified by using the valuation spectrum and the complex spectrum. In section 1 we describe the construction of the compactification. In section 2 the connections with the compactification of Morgan and Shalen ( [22] ) are established.
In this entire chapter k cC is a fixed subfield containing i, where i denotes a fixed square root of -1. We consider a finitely generated integral k-algebra This shows that q~ (a) and ff (a) lie at the same distance from 0, 1 and i. But then they must be the same. This proves Proposition 1. If ~k: k~C is an embedding with ~(i)=i and ff*(uc)=x k then is the inclusion.
Compactification through the valuation spectrum
By the same method one can prove Lemma 2. The map e: X(C)~Specxk(A) is injective.
Proof If x, y~X(C), x~y then there is some aEA with a(x)~a(y). Since a(x) and a(y) cannot lie at the same distance from all of 0, 1 and i it follows that e(x)(a,r)~e(y)(a,r) or e(x)(a-l,r)~e(y) (a-l,r) Proof. From the definitions it is clear that (2f: A-~(W]Mw, V/M~, i))C Spec x~ is the representative of a specialization of a. Moreover, axf restricts to xk on k. For, azf defines a specialization of xk on k with nontrivial value group. Since the value group ofxk is archimedean we see that gas induces xk on k, i.e., a~yC Spec xk(A).
We may assume now that (C, R, i) is arcbJmedean over f(A). Proof First let ~E L~ ax. Then ~ is a closed point of K a and (by continuity ofj~) belongs to A (zk, %)-Conversely, let c~ be a closed point of .,-1 First suppose that j~(~)=u~, i.e., ~(2, 1)= co. Since ~ is closed in K a the value group of ~ is nontrivial archimedean. So we may Consider the associated valuation as a valuation v~: A~A(supp (~))-~R ~. This may be normalized so that v~(2)=2 (because of ~(2, 1)=oo). This shows that A(supp (~))~R -~ is an archimedean valuation in the sense of [34] , section 1-3. By the result of [34] , sections I-7, 1-8 there is an embedding A(supp (~))-*C such that the canonical absolute value of C restricts to the archimedean valuation of A(supp (~)). This shows that ~ is determined by the homomorphism A~A(supp (c0)~(C, R, i) into the complex field C. By composition withjk we obtain an embedding ~: k~C such that ~b*(Xc)=U ~. So ~ESpec xk(A ), and this proves that c~EL~ a~. Now suppose that jk(~)=Zk, i.e., ~(2, 1)=1. Let w~: A(supp(~))~F, be the Krull valuation determined by ~. By [17] , section 4, there is a valuation preserving embedding A(supp (c0)-~C((/~,)) into a field of formal power series with its natural valuation (where C is an algebraically closed field of cardinality at least max {IAI, I C I} and ~ff~ is the divisible hull of ~) such that the image of k~/~A(supp (~)) ~C((/~)) is contained in the subfield C. Let g: C~C be an extension of k~C (this exists by the cardinality assumption about C). If RcC is a maximal real closed subfield containing g(R) then (C, R, i) (with i=g(i)) is a complex field. Now (C((/~)), R((r~)), i) is a complex field as well. By construction (f: A---A(supp (~))~(C((r~)), R((F,)),i))ESpecx~ defines ~yESpecxk(A ) and ~E a{~} (proposition 3 Proof. e is injective by lemma 2. Continuity of e is proved exactly as in the proof of theorem II 17. To show that e: X(C)~im(e) is open we note that x~X(C) has a neighborhood basis consisting of open polycylinders
with 0<eCQ. The same argument as in the proof of theorem II 17 shows that e (P(x, ~) ) is open in ira(e). The image of e has been determined in corollary 5.
It remains to be shown that ira(e) is dense in L~ "~. First note that e(Y(C)) is dense in L~ ~X. This follows from continuity of r B (proposition 1 30) and from theorem II 19. If j: A~B denotes the canonical homomorphism then j induces a morphism j*: KB~KA which restricts to Specxc(B)~Specxk(A ), hence also to LB~La and (by theorem 1 31) to L~ax~L~ ~X. This map is also denoted by j*. The canonical morphism Y~X of schemes yields a map Y(C)-~X(C) which is also denoted by j*. This is continuous and the diagram It is a consequence of theorem 6 that L~ ax is a compactification of X(C). This compactification will be related to the Morgan--Shalen compactification in the next section.
The Morgan--Shalen compactification. First the construction of Morgan and
Shalen ( [22] ) is briefly recalled:
The space X(C) is locally compact. So X(C) has a one point compactification is compact and r/maps X homeomorphically onto r/(X) ( [22] , p. 415), so ~" is a compactification of X. If p: 2--X(C)+• + is the projection then 2=r/(X)uB with B=p-'(+). B can be considered as a subspace of ~3(~), To study these additional points in the compactification the valuation theory of the quotient field K of A is used:
The abstract Riemann surface of K over k is denoted by S=S(K/k) ([35] , Chapter VI, w 17). Let SocS be the set of valuation rings V maximal with the property that A~V. If v: K*--,-A~ is the valuation corresponding to VES0 then there is a smallest nontrivial convex subgroup A'~cA~ and for all aCA, a~O one has v(a)~l or v(a)CA',,. There is some fC~ with v(f)=>l -. By Htlder's theorem ( [12] , p. 74, Satz 1; [25] , p. 8, Satz 4) the archimedean group A~ can and will be considered as a subgroup of R >. This is unique only up to a positive exponent.
A map U': S0--(R-~)~'x,{0} is defined by v-+(log(max {1, v(f)}))i~ ~. Composi-As before we choose subset ~c A generating A over k. We will now define a continuous map L~x~x(c)+x ~3(~) whose image is exactly the compactification of Morgan and Shalen. The definition is done componentwise:
First 21: L~x~x(c)+ is defined by 21[X(C)=id, 21(~)=+ for ~X(C). This is clearly continuous.
If ctEL~ ~ let v,: A~R -~ be the corresponding valuation (note that the value group is archimedean), v, is unique only up to a positive exponent. If ctEX(C) then we can normalize v, such that v,(2)=2. But if ~ES~ then there is no natural normalization for v,. So for the time being we do not normalize at all. We define of Morgan and Shalen ( [22] , p. 416). So it has already been shown that 2 maps L~ ~ onto the compactification of Morgan and Shalen. Of course 2 can play a reasonable role only if it is continuous. This will be proved now:
We noted above that 21 is continuous. It remains to consider 42. If ~cA is (with pr the canonical projections) shows that it suffices to prove that vz is con, tinuous. Therefore we assume now that, ~=A and prove that 2 is continuous in this case. For every i=0, ..., n the subsets We see that, for every aE~, 2~,~,o is continuous. This implies continuity of 2~.~. Finally 2, is continuous. We have proved Since log (v.(ai))>0 we see that log (max {1, vp(ai)}>O). This is possible only if va(a,)>l, i.e., fl(a~, 1)=~.
As in the proof of theorem 8 we now assume that v~ and vp are normalized such that log (v~(a~))= 1 =log (vp(a~)). Now pick aEA\supp (~). If v~(a)>l then Finally, ff a, bCA\supp (ct) then it has been shown that o~(a)=v#(a) and v~(b)=v#(b). This implies that ct(a, b)=p (a, b) . [] 
